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Based  on the thermodynamic  theory of c r i t i ca l  s t a t e s ,  the content and the densi ty  dis t r ibut ion 
in a b ina ry  mix tu re  along the height of the s y s t e m  a r e  analyzed,  a s suming  i so the rmal  con-  
dit ions with pos i t ive  t e m p e r a t u r e  gradients  beyond the c r i t i ca l  evapora t ion  point. 

Nea r  the c r i t i ca l  s t a t e  of a b inary  l i q u i d - v a p o r  s y s t e m  one obse rves  a cons iderable  gravi ta t ional  e f -  
fect .  Under the influence of the gravi ty  field there  occurs  in an i so the rma l  b inary  mix tu re  a not iceable  r e -  
d is t r ibut ion of content and densi ty  along the height of the s y s t e m  rl ,  2, 3]. The p r e sen t  phenomenological  
theor ies  of the gravi ta t ional  effect  deal with the dis t r ibut ion of a subs tance  along the height of a s y s t e m  a t  
the c r i t i ca l  t e m p e r a t u r e  [4, 5, 6]. Since an exper imenta l  study is conducted a t  t e m p e r a t u r e s  not exact ly  
equal to the c r i t i ca l  t e m p e r a t u r e ,  as  a ru le ,  i t  becomes  n e c e s s a r y  to cons ider  the content and the densi ty  
of an i so the rma l  b inary  m i x t u r e  along the height of the s y s t e m  a t  t e m p e r a t u r e s  which differ  f rom the c r i t i -  
cal  t e m p e r a t u r e  by s o m e  sma l l  i nc remen t  T - T  cr .  We will consider  h e r e  only the case  where  T > T cr .  

We use  the equation of ba lance  for a binary s y s t e m  in the gravi ty  field, which has  been der ived  by d i f -  
f e ren t  au thors  in d i f ferent  ways [6, 7]: 

OY 
6xxdx = - -  [ M~ - -  Ml - -  P ( ~-~) ~,r ] godZ. (1) 

Equation (1) can  be eas i ly  t r a n s f o r m e d  with the aid of the re la t ion  

Y = MI (i--  X) -I-. M2X 
P 

into an express ion  m o r e  convenient  in ce r ta in  cases :  

l,Op 
GxxdX . . . .  V ! ~ ) ,.rgodZ. (2) 

The c r i t i ca l  s ta te  of a b inary  mix tu re  is cha r ac t e r i z ed  by a vanishing of both the second and the third 
der iva t ive  of the the rmodynamic  potential  with r e s p e c t  to the m o l a r  f ract ion,  while the s tabi l i ty  condition 
for  this s ta te  with r e g a r d  to diffusion r equ i re s  the r e spec t ive  fourth der iva t ive  to be pos i t ive  [8], i .e . ,  

cr cr cr 
Gxx = O, Gxxx = O, Gxxxx > O. (3) 

Assuming  the the rmodynamic  functions in Eq. (2) to be analyt ic  and reso lv ing  them into s e r i e s  with 
r e s p e c t  to sma l l  deviat ions in the independent va r i ab les  p,  T,  X f rom their  c r i t i ca l  va lues ,  we obtain 

1 cr ~er "T- -  T cr) __ per) 6xx -- - ~  6xxxx (X - -  XKP) 2 + ox~-r t + 6~-~. (p 

1 ,~cr / X  cr ~- -~  uxxxxx t - -  xcr) ~ 4-- Gxxxr (X --  X cr) (T - -  T cr) § G~)xp (X - -  X cr) (p - -  pcr) -t- . . . .  (4) 

V (0P'  i)ar (0P"/cr' [ c3 (V 0P"/]cr  (X--  X cr) @ . . .  (5) 
 22J ,T + ox,j T 
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Fig.  1. P os s i b l e  locat ions of the c r i t i ca l  point K on the 
tip por t ion  of the p - T  coexis tence  d i ag ram for  a b inary  
mix tu re ;  PM and T M a r e  the m a x i m u m  p r e s s u r e  and the 
m a x i m u m  t e m p e r a ~ r e  r e spec t i ve ly  a t  which a two-  
phase  equi l ibr ium is poss ib le  in a solution with some  
given concentra t ion.  The spinodal cu rve  for such a 
solution is  indicated by a dashed line. 

In o r d e r  to examine  the signs of the coeff icients  in the f i r s t  three  t e r m s  of s e r i e s  (4), which d e t e r -  
mine  the behavior  of  a solution in the immed ia t e  vicini ty  of the c r i t i ca l  s ta te ,  we will  use  the p - T  d i ag ram 
for  a b ina ry  mix tu re .  T h e r e  a r e  three  poss ib le  locat ions of the c r i t i ca l  point on this d i ag ram ( F i g  1). 

In the f i r s t  case  (Fig. la )  the c r i t i ca l  point  l ies  between the m a x i m u m - p r e s s u r e  point PM and the m a x -  
i m u m - t e m p e r a t u r e  point  T M on the binodal curve .  He re  a t e m p e r a t u r e  r i s e  a t  the c r i t i ca l  p r e s s u r e  and 
compos i t ion  or  a p r e s s u r e  r i s e  a t  the c r i t i ca l  t e m p e r a t u r e  and composi t ion  (such p r o c e s s e s  a r e  indicated 
on the d i ag ram by a r r o w s )  shif ts  the s y s t e m  f rom the c r i t i ca l  s ta te  into the reg ion  of s ing le -phase  s tab le  
s ta tes  where  GXX > 0. This  m e a n s ,  as  can be seen  in express ion  (4), that both de r iva t ives  G ~ T  and 
C ~ n  a r e  pos i t ive  when the c r i t i ca l  point is located in this range.  In the second case  (Fig. lb) the c r i t i ca l  
poin~K l ies  to the lef t  of point PM. Here  a t e m p e r a t u r e  r i s e  a t  the c r i t i ca l  p r e s s u r e  and composi t ion shifts  
the s y s t e m  f rom the c r i t i ca l  s ta te  into the region of unstable s ta tes  (inside the spinodal curve) defined where  
GXX < 0. Consequent ly ,  the de r iva t ive  G ~ T  < 0 while the de r iva t ive  G~K p r ema ins  pos i t ive  when the 
c r i t i ca l  point  is located in this range.  

In the third case  (Fig. lc)  the c r i t i ca l  point  K l ies  below point T M. Here  C ~ p  < 0 while G ~ T  > 0. 

To study the behav ior  of b inary  m i x t u r e s  nea r  the c r i t i ca l  l i q u i d - v a p o r  s ta te ,  one usually pours  such 
a mix tu re  into a h e r m e t i c  c h a m b e r  so that the a v e r a g e  densi ty  and composi t ion  a r e  c lose  to c r i t i ca l ,  i .e . ,  
that  P z. p e r  and .X ~ X c r .  Then the men i scus  sepa ra t ing  the liquid f rom the gaseous phase  will d i sappear  
when the c r i t i ca l  t e m p e r a t u r e  is r eached  inside the chambe r .  At t e m p e r a t u r e s  somewhat  above the c r i t i ca l  
point  one should expect  the two conditions X = X cr  and P = p c r  to be s imul taneous ly  sa t i s f ied  a t  the level  
where  the men i scus  van ishes .  

At this level  the t e m p e r a t u r e - d e p e n d e n t  change in p r e s s u r e  is ( 0 p / 0 T ) ~ r r X ( T - T C r ) .  The depa r tu re  
of the p r e s s u r e  f r o m  i ts  c r i t i ca l  value a t  any height  may ,  taking into account  the hydros ta t ic  p r e s s u r e  c o m -  
ponent,  be  e x p r e s s e d  as  follows: 

p__pCr= (Opl cr 
~ ~ / v  x (T - -  T cr) - -  pcrg o (Z - -  zcr),  (6) 

where  Z - Z  c r  is the height above the level  where  X = X c r  and P = p e r .  Inse r t ing  (6) into expres s ion  (4), 
we obtain 

[ cr cr ( 0 p ] c r  ] (T__Tar) + 1 cr Gxx = ,_ Oxxr + Gxm, t, OT ] v,x] "~ Oxxxx (X - -  xcr) 2 

+'--~Gxxxxx[.'x--.", l cr -v  Vcr,a._L [ ,' cr (Op \ c r l  . - ' Gexrxr~-Gxxxp ~ ) v , x t  (X--Xcr)(T--Tcr)  

_ a ~ , , ~ p ~ , g o  ( z  - -  z c~) - -  a~, :~pC'go ( x  - -  x ~') ( z  - -  z c q .  ( 7 )  

The de r iva t ive  ( U p / 0 T ) ~ r x  is pos i t ive .  In the f i r s t  case  (Fig. l a ) ,  when the c r i t i ca l  point l ies  b e -  
tween PM and TM, both t e r m s  in the coeff ic ient  of ( T - T  cr)  in (7) a r e  posi t ive .  In the second and in the 
th i rd  case  (p--T d i a g r a m s  in Fig. l b ,  c) these  t e r m s  have opposi te  s igns.  We will p rove  that the e x p r e s -  
s ion.by which ( T - T  cr)  in (7) is mul t ip l ied r e m a i n s  a lways pos i t ive ,  r e g a r d l e s s  of the signs of i ts  component  
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Fig. 2. V - X  and V - T  sections of 
the T - V - X  coexistence surface  of 
a binary mixture:  a) for a solution 
the T cr  = fiX) curve of which has a 
minimum; b) for a solution the T c r  
= f(X) curve of which does not have 
a minimum Tcr :  

t e rms ,  i .e. ,  r ega rd less  of the location of the cr i t ical  point on the binodal surface  of a binary mixture.  For  
this purpose ,  using the van der  Waals '  relation [7] 

[dp ', c, G~'~r (8) 
~, d-T ) X, bin = Oe~# ' 

we t rans form the coeff ic ient of ( T - T  cr)  into the fo l lowing expression: 

6#rxr+Gxx" l'OT,)v.x [ \O'T!v,x-- k ~ / x , s i n j  6]'k.- (8') 

On the other  hand, we have 

(dp~ cr _ (ap'] cr [Op'~ cr ( d v/cr' 

d-T/x, bin-- \ ~ . I v , x  + ~-Of ,)r,x t dr  ]x, bin " 
(9) 

Inser t ing  (9) into (8) yields 

- -  - -  I u X X p  �9 (10) 

The f i r s t  factor  on the r ight-hand side of (10) is always positive. The other two fac tors ,  although they 
change signs depending on the location of the cr i t ical  point, have always both the same sign. This becomes 
evident, if one considers  the V - X  and the V - T  sections through the same cr i t ical  point on the binodal s u r -  
face of a binary mixture  (Fig. 2). The situation inFig .  2a represen t s  the mos t  general  case ,  namely an azeo -  
tropic mixtur~ the binodal surface  of which, in V, T, X coordinates ,  is saddle-shaped.  For  such mixtures ,  
within the range of concentrat ions between that corresponding to the terminat ion of the  azeotropic  curve on 
the cr i t ical  curve  and that corresponding to the minimum cri t ical  tempera ture ,  the cr i t ical  point K 1 is lo -  

c r  
cated on the upper half of the V - X  sect ion of the binodal surface  and the derivat ive GY,_~Xp is negative [7]. 
At  the same t ime,  point K l l ies also on the right-hand half  of the V - T  sect ion of the binodal surface,  i .e. ,  
the derivat ive (dV/dT)~r, bin is also negative. In the other  cases  (point K 2 in Figs.  2a and point K in F i g  
2b) the cr i t ical  point is located  on the lower half of the V - X  sect ion of the binodal surface  with both posit ive 
der ivat ives  G ~ p  [7] and (dV/dT)~rbin  . Thus, the coefficient of ( T - T  cr) in (7) is always positive. 

Disregarding  in (7) the las t  t e rm,  which is of a h igh-order  of smal lness ,  and insert ing (7) as well as 
(5) into (2) will yield, a f ter  a change to the dimensionless var iables :  

X - -  X cr T - -  T cr p, p __ pcr V - -  V cr 
X - -  , t . ~  , - -  , ~ - -  , 

x.cr ,per per Vcr 

p __ pcr ~ pcrg 0 (Z - -  Z cr) G 
P =  pc----~- ' h =  per ' g =  pcrV cr ' 

a l inear  non_homogeneous differential equation which re la tes  a change in the composit ion of a binary mixture  
to the height in the sys t em - a t  smaU temperature  excursions f rom the cr i t ical  point: 

dh D h +  ,4 B x2 C F - - A L  C E - - B L  x3 =O ' (11) 
- d r +  Z + c ix+ 

where  the following symbols  a r e  used for dimensionless coefficients:  

'Op' \cr gcr [Op ~cr ( - - - ~ ,  B =  ~ x ,  C =  - -  , A = g f f  .4-. g er. \ l O t  . . . . .  2 kOx ),. . ,  

{ap' ~cr gCr. F = er r _~- , 
e =  6 ' ko/o.  

D = geL, ,  

[o < o 1ic, 
L =  ~x \ OxIJp, l 
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The solution to Eq. (Ii} with the condition x = 0 at h = 0 is 

[ ]( ) h--  C E - - B L  x~@ C B -4- g ( C E - B L )  x~ ~ 2C 
CD K ~ CD -~ - D  " x 

i ][ (~ -.; CF CD-- AL tx + -DC i CFcD-- AL t + --~2BC + 6 (CED 3- BL) C 1-- exp -~ ,x  , 

In the phys ica l ly  meaningful  e x t r e m e  case  I (D/C)xl  << I the solution becomes  

B x3 A A ( D - - L ) - c C F  2 : E BL B__D_D ~ 
" tx-~ I - -  x ~ h + -3C -~- -~7 tx § \4C + 12C2 ) =0. (13) 2C ~ 4C ~ 

The solution to this equation, x(h, t), is found by succes s ive  approx imat ions  and, as  a r esu l t ,  we obtain a 
fo rmula  for  the d e p a r t u r e  of the composi t ion  f r o m  the c r i t i ca l  one: 

2 [A (D - -  L ) §  CF! tx2 o § [B (D --  L) + CE] x~ (14) 
x = x o --  4C (At ~- Bx~) ' 

with the zero th  approx imat ion  x0(h , t) r ep re sen t ing  the solution to the cubic equation 

B 
~-  x~ + AtXo + Ch = 0, (15) 

The second t e r m  in (14) r e p r e s e n t s  a smal l  co r r ec t ion  found f rom (13) in the next approximat ion.  

Solving (15) for the e x t r e m e  case  [(A/B)t] 3 >> [(3C/2B)h] 2, which co r re sponds  to smal l  changes along 
the height of the s y s t e m  at  r e l a t ive ly  l a rge  t e m p e r a t u r e  excurs ions ,  and inser t ing  the found solution into 
(14) yields  

x (h, t) -- ArCh 1+ D - - L +  --~ ~-[  , 

which means  that  in the immedia te  vicini ty of level  h = 0 the composi t ion s e e m s  to va ry  l inea r ly  with heig~ht. 

At sma l l  t e m p e r a t u r e  excurs ions  and a t  r e la t ive ly  smal l  deviat ions along the height,  which c o r r e -  
sponds to the inequali ty [(A/B)t] 3 << [(3C/2B)h] 2 , the composi t ion  va r i e s  with height accord ing  to the r e l a -  
tion: 

x(h, t ) = - -  I+ At B ( D - - L ) ' - C E  "3Ch ~_/3 , CF t (17) 
�9 :3C~2/3 4BC (--~- 1+ B ( D - - L ) @ C E  '3Ch 2/3 ' 

where  the f i r s t  t e r m  r e p r e s e n t s  the solution to the zero th  approx imat ion  (15) and the l a s t  t e r m  r e p r e s e n t s  
a smal l  co r rec t ion ,  

I t  is to be noted that for mix tu re s  having a min imum on the T c r  = f(X) cu rve  the quantity C = (Op 
/Ox)~  r, t m a y  be e i ther  pos i t ive  or  negat ive [71. This means ,  accord ing  to (16) and (17), that the concen t r a -  

tion of the mix tu re  can e i ther  d e c r e a s e  or  i n c r e a s e ,  depending on the location of the x = 0 point on the c r i -  
t ical  cu rve  for  the given mix ture ,  

Inse r t ing  solution (17) into the or iginal  inequality ] (D/C)x  I << 1 and cons ider ing  that  the change in c o m -  
posi t ion a s  a function of t e m p e r a t u r e  is  de te rmined  essent ia l Iy  by the f i r s t  t e r m  in (17), we a r r i v e  a t  the 
c r i t e r i o n  

At BC 2 (18) 
T#- <<a !Dt g ' N 

for  the range  of heights within which the composi t ion  of a mix tu re  as a function of the height is desc r ibed  by 
Eq. (13) and by the r e s p e c t i v e  solut ions (16) and (17) to this equation. 

Rever t ing  to d imens ional  quanti t ies and taking note of the re la t ion  V = [(M 2 - M I ) X - M 1 ] / P ,  we can now 
t r a n s f o r m  the r igh t -hand  s ide  of inequali ty (18) into 

~ l av ", ~- 1 ~ 

la2v'~  q~ 
6per (per)2 ~. aXe] p,r 

(19) 
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Express ion  (19) r ep re sen t s  a l a rge  quaxltity, since the der ivat ive  82V/8X 2 is small .  The si tuation 
may change when the cr i t ica l  phase is diluted, or  near  the azeotropic  point on the cr i t ica l  curve.  In both 
cases  the quantities (0V / 0x)~rT and (02V/0X2)~rT increase  infinitely [7]. 

It  can be proved ,  by differentiat ing the identity (%G/0X)p, T =- (a ~I,/aX)v, T with r e spec t  to the com-  
posi t ion X (where ~, denotes the f ree  energy pe r  mole of a solution), that during dilution as  well as near  the 
azeot ropic  point  ~ inc reases  as  (SV/8X)  4. 

During dilution (0V/0X)  c r  ~ (Xcr) -1 [9]. Differentiat ing the thermodynamic equation a V / 0 X  = - (Op 
/%X)(Sp/8V) -1 with r e s p e c t  to the composit ion,  with the behavior of ( a p / 0 x ) ~ r  T at  the l imi t  taken into a c -  
count,  will yield the following relation: 

Inser t ing  these values  into (19), we will then find that during dilution of the cr i t ica l  phase the range of 
heights defined by (18) becomes  finite. 

The si tuat ion is d i f ferent  a t  the point where  the azeOtropic curve  te rminates  into the cr i t ica l  curve  
for a solution. At this point,  approximately ,  O~V/0X 9 ~ (0V/SX)  3 [7], i .e . ,  express ion  (19) tends toward 
zero  as (SV/0X)  -~ does.  This  means that in solutions having a composit ion close to that of an azeot ropic  
mix tu re  the composi t ion va r i e s  along the height according to re la t ion (17) only within a nar row range of 
heights ,  this range tending toward zero  as the special  point on the cr i t ica l  curve  for a given solution is ap -  
proached.  

In o r d e r  to find the densi ty distr ibution over  the height of an i so thermal  binary mixture  near  the x = 0, 
p = 0 level  a t  smal l  posi t ive t empera tu re  excurs ions ,  we will use  the resolut ion:  

,;09 \cr /0p \cr "09 ~cr 

�9 . . , c r  . . . 

During c r i t i ca l  evaporat ion of binary mix tures  the der ivat ive  (~p/0p )t, x is general ly  a f tmte quan- 
t i ty.  Using the obvious re la t ion  (ap/St)p, ,x  = - (8p /8p ' ) t , x (8  p' / St)p, x and replacing p' in (20) with ex-  
p re s s ion  (6), a f te r  a p r i o r  convers ion  to dimensionless  fo rm,  we obtain a f te r  some simplicat ions:  

' ap t or " ap ~ cr 
= x --  2-7-, } (21) P I~x/p,,, (ap /,,~ h" 

The density dis t r ibut ion in a binary mix ture  within the range of heights defined by  (18) can be found by in-  
ser t ing  solutions (16) and (17) into (21). 

Thus ,  in binary mix tures  a t  nea r - c r i t i c a l  s ta tes  there  exists  a dis t inct  content and density d i s t r ibu-  
tion over  the height of the sys tem.  The cha rac t e r  of content and density deviations f rom cr i t ica l  appears  
to be the same as  the c h a r a c t e r  of density deviations in s ingle-component  sys tems .  At smal l  dis tances  
above level  h = 0 and when the t empera tu re  excurs ions  f rom the cr i t ica l  point a r e  re la t ive ly  la rge ,  the com-  
posi t ion and the density va ry  as l inear  functions of the height. At considerable  heights and when the t em-  
pe ra tu re  excurs ions  a r e  smal l ,  the composit ion and the densi ty of b inary mix tures  v a ry  as  cubic functions 

of the height. 

The resu l t s  obtained so far  a re  useful in analyzing another  in teres t ing  problem.  It is well  known that 
the ver t i ca l  d is t r ibut ion of density in a solution at  constant t empera tu re  can be expressed  a s  [6]: 

dR Pgo (22) 
dp 

dZ (~ ) r .g rav  

where  the der iva t ive  (dp /dP)T ,  grav is taken along the gravitational curve.  

One of the authors  h e r e  has stated ea r l i e r  that (dp /dP)T ,  gray along the cr i t ica l  curve  for a b inary  
mix ture  is not equal to ze ro  [6]. It  can be proved r igorous ly  that this der ivat ive  will tend toward zero  as  
the cr i t ica l  s ta te  of the mix tu re  is  approached.  Indeed, i t  follows f rom the i so thermal  conditions that 

dP (OP'~ dX t 'aPi dp (23) 
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Comparing (23) with (22) and using expression (2), we obtain 

Gxx 

c r  
On the c r i t i ca l  cu rve  for  a m i x t u r e  G~K = 0 and the de r iva t ives  (.OP / OX)p, T,  (OP / Op) X a r e  gen-  

e ra l ly  finite,  f rom which we have that  (dp /dP)~  r, gray  = 0. We obse rve  he re  an analogy to s ing le -component  
s y s t e m s .  In the l a t t e r  ease  the gravi ta t ional  curve  coincides with the i so the rm and, the re fo re ,  the pa r t i a l  
de r iva t ive  ( O p / 0 P ) T ,  which vanishes  a t  the c r i t i ca l  point,  becomes  a lso  the de r iva t ive  taken aiong the g r a -  
vi tat ional  curve .  

G 
X 
GXX 

i~  l , M 2 
P 
V 

P 
T 

go 
Z 
(dp/dT)X,  bin 
x , t ,  p V , v , p  

h 
g 
(dp/dP)T, grav 

NOTATION 

is the thermodynamic potential per mole of mixture; 
is the molar fraction of the second component in a mixture; 
is the second derivative of the thermodynamic potential with respect to the molar frac- 
tion of the second component;  
is the value of this de r iva t ive  a t  the c r i t i ca l  point of a mix tu re ;  
a r e  the m o l e c u l a r  weight of the f i r s t  and the second component ,  r e spec t ive ly ;  
is the densi ty;  
is the m o l a r  volume;  
is the p r e s s u r e ;  
is the absolute  t e m p e r a t u r e ;  
is the acceleration due to gravity; 
is the vertical coordinate; 
is the derivative of pressure with respect to temperature, taken along the binodal curve; 
are the relative deviations of the composition, temperature, pressure, molar volume, 
and density from their respective critical values; 
is the dimensionless height above the critical density and composition level; 
is the dimensionless thermodynaniic potential per mole; 
is the derivative of pressure with respect to density, taken along the gravitational curve. 
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